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Section 1

Motivation
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Motivation

Definition (Polyhedral product)

K simplicial complex on [m], Y; C X:

ZE(K; (Xi, Yi)ierm)) = U l_[

leK i€[n]

X,' iEI,
Y, il
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Motivation

Definition (Polyhedral product)

K simplicial complex on [m], Y; C X:

X,' i € I,
E(K; (X0 Yierm) = | | ] {Y_ el

leK i€[n]

Examples, for (X;, Y;) =

* (D?,S') —» Moment-angle complex.

® (CP%,x) — Davis—Januszkiewicz spaces.
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Motivation

Definition (Polyhedral product) Definition (Composition of simp. comp.)

K simplicial complex on [m], Y; C X: One can compose a simplicial complexes L on
el [m] at some vertex k of another simplicial
poreh lex K , denoted b
Z(K; (X6 V)i m)) = ,U I {Y; 1o complex K on [r], denoted by
eK ie[n] K oy L.
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Motivation

Definition (Polyhedral product) Definition (Composition of simp. comp.)

K simplicial complex on [m], Y; C X: One can compose a simplicial complexes L on
X il [m] at some vertex k of another simplicial
E(K; (X, Yi)ictm)) = U l_[ A complex K on [n], denoted by
ki Yi il
€K ie[n] Kok L.

Examples. o (%) -

* (D?,S') —» Moment-angle complex. 2_5

® (CP*,*) — Davis-Januszkiewicz spaces. ( 5 O 3 ) op(le )= 6 < R 4
1 2 ==
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Motivation

Definition (Polyhedral product) Definition (Composition of simp. comp.)

K simplicial complex on [m], Y; C X: One can compose a simplicial complexes L on
X il [m] at some vertex k of another simplicial
F(K; (Xi, Y ietm)) = U l_[ { i /.e > complex K on [n], denoted by
ek ie[n) \¥i 1€ 4 Ko L.

Examples. o (%) -

* (D?,S') —» Moment-angle complex. 2_5

e (CP%,x) — Davis-Januszkiewicz spaces. ( 5 O 3 ) op(le 2)= 6 <§ 4
1 2 1 3

Study the interaction of these compositions with the polyhedral product through the “theory of
composition of objects”= Operad Theory.
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Some known results

Let K(J) be the simplicial complex obtained after composing K with the boundary of a simplex on
Lil, at every vertex i of K, for K on [m] and J = (j1, ..., jm) € Z>o.
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Some known results

Let K(J) be the simplicial complex obtained after composing K with the boundary of a simplex on
[ji], at every vertex i of K, for K on [m] and J = (j1,...,jm) € Zso.

Theorem (Bahri-Benderski-Cohen-Gitler, 2015)

Let K be a simplicial complex on [m] and (X, Y)ie|m| be a sequence of pairs of topological spaces. Then for
every J = (ju. .. ..jm) € Z>0, we have equality of the two following subspaces of [1jc(m) X'

EE(K(J), (X1$ yl)’ LIS (Xl’ Yl)» cocg (Xma Ym)v cocg (Xm» Ym))

J Jm

=%Z (K; (x{f, L) Xt x vix X,k‘ff) )
ie[m]

keljil
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Some known results

Let K(J) be the simplicial complex obtained after composing K with the boundary of a simplex on
[ji], at every vertex i of K, for K on [m] and J = (j1,...,jm) € Zso.

Theorem (Bahri-Benderski-Cohen-Gitler, 2015)

Let K be a simplicial complex on [m] and (X, Y)ie|m| be a sequence of pairs of topological spaces. Then for
every J = (ju. .. ..jm) € Z>0, we have equality of the two following subspaces of [1jc(m) X'

EE(K(J), (X1$ yl)’ LIS (Xl’ Yl)» cocg (Xma Ym)v cocg (Xm» Ym))

J Jm

=Z (K? (X,J U X xvix X,-k_j") ) =Z (K? (Xfi’z(aAu-]; (Xi, Yi)keu-])). [ ]) '
IElM
keljil ie[m]
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Some known results

Let K(J) be the simplicial complex obtained after composing K with the boundary of a simplex on
[ji], at every vertex i of K, for K on [m] and J = (j1,...,jm) € Zso.

Theorem (Bahri-Benderski-Cohen-Gitler, 2015)

Let K be a simplicial complex on [m] and (X, Y)ie|m| be a sequence of pairs of topological spaces. Then for
every J = (j1, ..., jm) € Z>0, we have equality of the two following subspaces of [1;cm) X7 :

Z(K(); (X1, Y1), oo, (X1, Y1), oo s (X, Ym)s o ooy (Xims Yim))

J Jm

=% (K; (X,J U X x Y x X,"‘f") ) =% (K; (Xf",Z(ﬁAU,-]; (X, Yi)keu,-]))ie[m]) :
keljil ie[m]

Ayzenberg, 2013: more general formula for the composition K o; L.
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Section 2

Recollections
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Set theoretical settings

Definition ((Reduced) power of a set)

Let S be a set.
® Power set of S: p(S) = {X C S}
® Reduced power set of S:
9(S) ={0c XS}

® Set based on S with power k: element of

P (S).

Examples:
p([2]) = {0, {1}, {2}. {1, 2}}.
9([2]) = {{1}. {2}, {1,2}}.
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Set theoretical settings

Dt (eduead) povar o o a5 Definition (Complement operations)

Let S be a set. °* CX =5\ Xfor X € p(5)
® Power set of S: p(S) = {X C S} ° C(l) =C
® Reduced power set of S: e C(f)(K) = {C(Z_l)/ e K} for £ >1
@(S) = {0 c X - S} ° Shorthand: C/ = C(2)
® Set based on S with power k: element of @ . K e . ‘
0k(S). * ' p*(S) — "(S) is an involution for
1<l<k
Examples:
E les:
9([2]) = {0, {1}, {2}, {1,2}}. C){(;n{lf}e?Z} (L2} =0
o([2]) = {{1}.{2}. {1, 2}}. s es .

C'{0.{1}. {2}, {1.2}} = {{1.2}, {2}, {1}, 0}.
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Four Families of Subsets of [n]

Definition (Family of subsets)

A family of subsets of [n] is an element of p?([n]).
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Four Families of Subsets of [n]

Definition (Family of subsets)

A family of subsets of [n] is an element of p?([n]).

Family Constraint

Hypergraph H none

Simplicial complex K downward closed:
leK,JCl=>JeK

Upward complex U upward closed:
leU,IcJ=JeU

Transversal family 7 antichain:
LlJeT,l+J=1¢J
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Four Families of Subsets of [n]

A family of subsets of [n] is an element of p?([n]). * Hypg(n)

' - e Scomp(n) — Hypg(n)
Family Constraint e Ucomp(n) — Hypg(n)
Hypergraph H none ® Transv(n)

Simplicial complex K downward closed:
leK,JCl=>JeK

Upward complex U upward closed:
leU,IcJ=JeU

Transversal family 7 antichain:
LlJeT,l+J=1¢J
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Four Families of Subsets of [n]

A family of subsets of [n] is an element of p?([n]). * Hypg(n)

- - ® Scomp(n) < Hypg(n)
Family Constraint e Ucomp(n) — Hypg(n)
Hypergraph H none * Transv(n)

Simplicial complex K downward closed:
leK,JCl=>JeK Example:
Upward complex U upward closed: K ={0,{1},{2}}.
leU,IctJ=JeU U={{1,2}}.
Transversal family 7 antichain: T={{1}{2}}.

LlJeT,l+J=1¢J
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Bridges Between Families

* Facets of K: K = incl.-max. faces
€ Transv(n)

¢ Minimals of U: U = incl.-min. faces
€ Transv(n)

® Minimal non-faces:
MNF(K) = (C K) € Transv(n)

* Complement involution:
C K =p([n]) \ K € Ucomp(n)
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Bridges Between Families

* Facets of K: K = incl.-max. faces
€ Transv(n)

¢ Minimals of U: U = incl.-min. faces
€ Transv(n)

® Minimal non-faces:
MNF(K) = (C K) € Transv(n)

* Complement involution:
C K =p([n]) \ K € Ucomp(n)

Adjunctions with Hypg(n)

® (—)! left adjoint to Scomp — Hypg
o (—)7 left adjoint to Ucomp — Hypg
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Bridges Between Families

e Facets of K: K = incl.-max. faces Every family embeds into Hypg(n); closures (—)l and
€ Transv(n) (—)7 are the retractions.
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Bridges Between Families

e Facets of K: K = incl.-max. faces Every family embeds into Hypg(n); closures (—)l and
€ Transv(n) (—)7 are the retractions.

¢ Minimals of U: U = incl.-min. faces
€ Transv(n)

® Minimal non-faces:
MNF(K) = (C K) € Transv(n) Scomp(n)

* Complement involution:
C K = ¢([n]) \ K € Ucomp(n) MNF

Adjunctions with Hypg(n) Transv(n)

® (—)! left adjoint to Scomp — Hypg

=)

Transv(n)

o (—)7 left adjoint to Ucomp — Hypg
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Reduced Families
Reduced family: F € p>([n]) (F # 0 and 0 ¢ F).

Subcategories: Hypg(n), Scomp(n), Ucomp(n),
Transv(n).
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Reduced Families

Definition
Reduced family: F € p>([n]) (F # 0 and 0 ¢ F).

Subcategories: Hypg(n), Scomp(n), Ucomp(n),
Transv(n).

Reduced downward closure
For H € Hypg(n):
H={0#JcCl|leH}

Smallest reduced simplicial complex containing
H; left adjoint to Scomp — Hypg.
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Reduced Families

Which maps restrict to reduced?

Reduced family: F € $°([n]) (F # 0 and 0 ¢ F).

Map Restricts?
Subcategories: Hypg(n), Scomp(n), Ucomp(n), o) ¥
Transv(n). (/_\) (\_/) y
(-)! modified version

Reduced downward closure Go 0 X

For H € Hypg(n): MNF, MNU %
H ={0+Jcl|leH}

Smallest reduced simplicial complex containing
H; left adjoint to Scomp — Hypg.
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Reduced Families

Which maps restrict to reduced?

Reduced family: F € $°([n]) (F # 0 and 0 ¢ F).

Map Restricts?

Subcategories: Hypg(n), Scomp(n), Ucomp(n), (-1 v
Transv(n). (/_\) (\_/) v
(-)! modified version
Reduced downward closure IE:/I,NI(::, N X
For H € Hypg(n): ’ . -
H' ={0+Jcl|leH} -
)t
Smallest reduced simplicial complex containing scpx(n)

H; left adjoint to Scomp — Hypg.

~ transv(n) ————— hypg(n)

\%

ucpx(n)
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Face Poset of a Simplicial Complex

Definition (Face poset)

Let K be a (reduced) simplicial complex. The face
poset cat(K) is:

® Objects: faces of K and 0,
® Morphisms: unique arrow J — [ iff J C /,
¢ Composition: transitivity of C.

The opposite face category cat(K)°P has arrows
reversed.

Remark

The empty set 0 is the initial object of cat(K) and
the terminal object of cat(K)°P.
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Face Poset of a Simplicial Complex

Definition (Face poset) Definition (Face / coface diagram)

Let K be a (reduced) simplicial complex. The face A face diagram over K with values in C is a
poset cat(K) is: functor F: cat(K) — C.
® Objects: faces of K and 0, A coface diagram is a functor

® Morphisms: unique arrow J — [ iff J C /, F: cat(K)** — C.

¢ Composition: transitivity of C.

The opposite face category cat(K)°P has arrows
reversed.

The empty set 0 is the initial object of cat(K) and
the terminal object of cat(K)°P.
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Face Poset of a Simplicial Complex

Definition (Face poset) Definition (Face / coface diagram)

Let K be a (reduced) simplicial complex. The face A face diagram over K with values in C is a
poset cat(K) is: functor F: cat(K) — C.
® Objects: faces of K and 0, A coface diagram is a functor

® Morphisms: unique arrow J — [ iff J C /, F: cat(K)** — C.

¢ Composition: transitivity of C.

The opposite face category cat(K)°P has arrows K= {0’ {1}, {2}, {1, 2}}

reversed.

{1.2}

7N

The empty set 0 is the initial object of cat(K) and L 2
the terminal abject of cat(K)°P. \ e
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A X35 X and B: X*> X.

‘ 1234
1 9 3 1 2 3 4 56
N T N
A B Ao, B
2345
1 2 3 1 2 3 4 1 6
\V o _ \/
A B Aos B
3456
1 2 3 1 2 3 4 12
\V o3 _ \/
A Aoz B
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S-Collections and Set-Theoretical Operads

Definition (S-collection) A X35 X and B: X* 5 X,

A collection © = {O(n)},en of sets, each s 1923 4 RO
equipped with a right action 6(n) v~ S,,. \V \/
o1 =
A B Ao B
Definition (Set-theoretical operad)
An S-collection O together with 1 2 3 19 3 4 12?’“ 6

composition maps, for n > 1, me N, \\V \/
i=1,...,m o2 =
A

0;: 6(n) xO(m) > 6(n+m-1)

compatible with the S,- and S,-actions, Ly . |5 3456
satisfying the two axioms on the right.
V. N
A B A 03 B
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Parallel and sequential axioms

Forl<i<j<{, _
(A, B, C) € 6(6) x6(n) x 6(m): (Aoy B os C (Aos C) oy B
(AoiB)ojym-1C=(Ao; C)o; B B and C are at independent branches of A order of

grafting does not matter.
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Parallel and sequential axioms

Parallel axiom

For1<i<j<{¢,
(A,B,C) € 6(£) xO(n) x 6(m):

(AoiB)ojim-1 C=(A0;C)o; B

Sequential axiom

For1<i<{, 1<j<m:

Aoj(Bo;C)=(Ao0;B)ojj-1C

Power set operads: the operad theory underlying polyhedral products |

Mathieu Vallée

(Ao1 B)oy C (Aoz3 )01 B
B and C are at independent branches of A order of

grafting does not matter.

2 3 2 3
3 4 3 4
1 \/ 5 1 \/ 5
= C nested
Aoy (Bog 0) (Aoz B) oy C

inside B inside A both sides yield the same tree.

| The 8th Korea Toric Topology Workshop — 26 Feb. 2026 12/34



Free Operad and rewriting

Free operad I M

Given an S-collection M, the free operad
I M is the left adjoint to the forgetful
functor Op — S-collections.
Its operations are rooted trees with
internal nodes decorated by M:
® atomic corollas with n leaves
decorated by m € M(n),
® finite trees built by grafting, up to
S,-action.
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Free Operad and rewriting

Free operad I M Relations and rewriting

Given an S-collection M, the free operad A relation T; = T identifies two trees of the same
I M is the left adjoint to the forgetful arity decorated by M.

functor Op — S-collections. Given T € I M and a relation T; = Ty:

Its operations are rooted trees with TS T TF| s Tt T

internal nodes decorated by M:

® atomic corollas with n leaves (replace the subtree Ty by T).

decorated by m € M(n), Two trees T ~ T iff there is a sequence of such

® finite trees built by grafting, up to rewritings.

S,-action.
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Free Operad and rewriting

Free operad I M

Given an S-collection M, the free operad
I M is the left adjoint to the forgetful
functor Op — S-collections.

Its operations are rooted trees with
internal nodes decorated by M:

® atomic corollas with n leaves
decorated by m € M(n),

® finite trees built by grafting, up to
S,-action.

Power set operads: the operad theory underlying polyhedral products

Relations and rewriting

A relation T; = T, identifies two trees of the same
arity decorated by M.

Given T € I M and a relation T; = T5:
TheT = T1 - Tin T
(replace the subtree T; by T>).

Two trees T ~ T iff there is a sequence of such
rewritings.

Definition (Presentation)

An operad O admits the presentation (M, R) if
6 = IM/(R).

Mathieu Vallée | The 8th Korea Toric Topology Workshop — 26 Feb. 2026 13/34



Section 3

Examples of (set) operads and their algebras
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Example: Perm

Definition (Permutative operad,

Chapoton 2001)

The operad Perm has:
Perm(n) := [n] for n>1, Perm(0) = 0.
Sp-action: natural action on [n].
Composition: for (i, ) € [n] X [m] and
k=1,...,n,

i+m-1 k<i,

ioj=3i+j—-1 k=i,
i k> i.

Power set operads: the operad theory underlying polyhedral products | Mathieu Vallée
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Example: Perm

Definition (Permutative operad, 2= OmO
Chapoton 2001) k< i Lo — 302=0oooomoo=5
——
The operad Perm has: 3 = oomon
Perm(n) = [n] for n > 1, Perm(0) = 0. 2= 0OmO
——
Sp-action: natural action on [n]. k=i log — 3o032=0DoOmO 00 =4
——
Composition: for (i, ) € [n] X [m] and 3 = oomoo
k=1,...,n,
2= 0OmO
i+m-1 k<i, —
. A . k>i — 3o042=0D0mD0O000=3
iogj=1i+j-1 k=i, los ——
. 3 = 0OOmOoO

i k>i.
Figure: An illustration of the compositions of two elements of
Perm. The element i € Perm(n) is represented by a sequence of n
squares, where only the ith one is colored in black.
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Presentation of Perm

Presentation, Chapoton 2001

s = 2,2 = 1>
1 1 1 2 2 2 1 2

The transposition (12) sends \ﬁ to \é .

—_———
=
1l
_
1l
N
=
1l
N
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Algebra over an Operad

Endomorphism operad

For any set X, the operad Endx is defined by:
Endx(n) := Homse: (X", X),
with S, acting by permuting entries, and:
foig(XtsesXiveeosXn) Yisoves¥Ym)
=f(Xt,.- s 815 s Ym)s- s Xn)-
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Algebra over an Operad

Endomorphism operad

For any set X, the operad Endx is defined by:
Endx(n) := Homse: (X", X),
with S, acting by permuting entries, and:
foig(XtsesXiveeosXn) Yisoves¥Ym)
=f(Xt,.- s 815 s Ym)s- s Xn)-

Definition (©-algebra)

Given an operad 0, an ©-algebra structure on X is
a morphism of operads

%:06 — Endx.
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Algebra over an Operad

Endomorphism operad

For any set X, the operad Endx is defined by:
Endx (n) := Homge: (X", X),

with S, acting by permuting entries, and:

s Ym)
’Ym),~--,Xn)~

s Xis oo osXny Y1y ..

,&(y1, ...

foig(xy,...
=f(X1,...

Definition (©-algebra)

Given an operad 0, an ©-algebra structure on X is
a morphism of operads

%x:0 — Endx.

Power set operads: the operad theory underlying polyhedral products |

Mathieu Vallée

Equivalent description

A sequence of maps % = (%p)n>1:
6(n) x X" - X
(A; x1,...,%xp) > %p(A; X1,...,Xn)
compatible with:
® the right S,-action on 6(n),

® the left S,-action on X” (perm. entries).

e

and, the following diagram commutes:

id X%
6(n) x 6(m) x X"m=1 286 (m) x X™

lo,-x id l%m
O(n+m—1)x xmm-1 X

ZAn+m-1

| The 8th Korea Toric Topology Workshop — 26 Feb. 2026 17/34



Algebra over an Operad: Examples

Key examples:
® Perm-algebras = permutative algebras

® Com-algebras = commutative algebras
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Algebra over an Operad: Examples

Key examples:
® Perm-algebras = permutative algebras

® Com-algebras = commutative algebras

Definition (Com operad)
The commutative operad Com has one operation
per arity:
Com(n) = {u,}, n=1.
The S,-action is trivial.

Presentation with a single binary generator
M= o

T (1)
(porp=poypu)

Com =
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Algebra over an Operad: Examples

Key examples:

® Perm-algebras = permutative algebras Com—algebras = commutative algebras

® Com-algebras = commutative algebras An Com-algebra structure on X is given by maps

n- n X" X,
Definition (Com operad) %n: {ln} X X" —

i.e. a single n-ary operation on X for each n.
The commutative operad Com has one operation

per arity: The binary generator u gives:

XXX > X,
(x,y) B xy = xo(; X, y).

The relation y o3 p = p 0p yu becomes:

Com(n) = {u,}, n=1.
The S,-action is trivial.
Presentation with a single binary generator
M= ot (x-y) z=x-(y-2).
T () All higher u, are then determined by u via
(uoy pu=popu) composition.

Com =
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Section 4

Power set operad
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Power Set Functor: Lax Monoidal Structure

Lemma

The power set functor g is a lax monoidal
endofunctor of (Set, x, {x}):

=} = p({*})
P(X)xp(Y) — p(XXY)
(L)) = IxJ

The reduced power set functor @ is lax monoidal
with the same formula, landing in (X X Y).
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Power Set Functor: Lax Monoidal Structure

Definition (Power of a collection)

The power set functor g is a lax monoidal Given an S-collection 0, its power collection is:
endofunctor of (Set, x, {x}):
90 = {p(0(n)} nen,

* = *
{x} P({*}) with the induced S,-action.

PX)xp(Y) — p(XxY)
(,J) — IxJ

The reduced power collection 9O is defined
analogously.

The reduced power set functor @ is lax monoidal
with the same formula, landing in (X X Y).
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Power Set Functor: Lax Monoidal Structure

Definition (Power of a collection)

The power set functor g is a lax monoidal Given an S-collection 0, its power collection is:
endofunctor of (Set, x, {x}):
90 = {p(0(n)} nen,

=} = o({x})

> {x) with the induced S,-action.
X)xp(Y) — p(XxY) The reduced power collection 9O is defined
4 5? L) e Slox J analogously.

The reduced power set functor p is lax monoidal "

with the sameI;ormula, landing in (X X Y).
A collection Q is based on O with power k > 0 if
Q c pko,
where %0 = 0.
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Power Set Operad Functor

Definition (Power set operad functor)
The power set operad functor is:
9 : Op(Set) — Op(Set),
(0,{oi}) = (96, {o¥}),
with compositions:
of: p0(n) X pO6(m) — 9O (n+ m—1)
(A,B) = {acjb:ac A be B}.
We call (90, {o¥'}) the power of (0, {o;}).
The reduced variant p gives the reduced power

operad (90, {oV'}).

Proof: Either check by hand of use lax
monoidality. o
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Power Set Operad Functor

Definition (Power set operad functor)

The power set operad functor is: If A=0or B=0,then Aoy B = 0.
¢ Op(Set) — Op(Set), This is why the reduced variant  (excluding 0)

is often more natural.
(6, {oi}) — (96, {o¥}),

with compositions:

Of’: 90 (n) X pO(m) — PO(n+ m—1)
(A,B) = {acjb:ac A be B}.
We call (90, {o¥'}) the power of (0, {o;}).
The reduced variant p gives the reduced power
operad (90, {o¥}).

Proof: Either check by hand of use lax
monoidality. o
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Power Set Operad Functor

Definition (Power set operad functor)

The power set operad functor is:
@: Op(Set) — Op(Set),
(6, {o:}) > (0, {o}),
with compositions:
of: p0(n) X pO6(m) — 9O (n+ m—1)
(A,B) = {acjb:ac A be B}.
We call (90, {o¥'}) the power of (0, {o;}).
The reduced variant p gives the reduced power

operad (90, {o;.a}).

Proof: Either check by hand of use lax
monoidality.

Power set operads: the operad theory underlying polyhedral products |

Mathieu Vallée

IfA:(Z)orB:(Z),thenAOf.oBz(Z).

This is why the reduced variant  (excluding 0)
is often more natural.

Complement composition

The bijection ( on pO allows transporting
{Of.p} to a new composition:

o¥: 90(n) X pO(m) — O(n+ m-1),
(A,B) > C{aoib:ac A be (B}

This yields a functor isomorphic to o via (.
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Structure of the Power Operad

Proposition (V., 2026+)
Let © be a set operad with ©(0) = 0.

@ The collection {0} p>1 is a non-unital
suboperad of 90O, isomorphic to Com
(non-unital), and an operadic ideal.

® The inclusion 9O — O is unital and
provides a canonical splitting.

In particular, there is a split short exact sequence
of non-unital operads:

0 — Com — p0 — PO — 0,
yielding an arity-wise decomposition:

90O(n) = pO(n) L {0y}

— We can treat the empty sets separately.
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Structure of the Power Operad

Proposition (V., 2026+) Examples of 9O

Let © be a set operad with ©(0) = 0.

@ The collection {0} p>1 is a non-unital
suboperad of 90O, isomorphic to Com
(non-unital), and an operadic ideal.

® The inclusion 9O — O is unital and
provides a canonical splitting.

In particular, there is a split short exact sequence
of non-unital operads:

0 — Com — p0 — PO — 0,
yielding an arity-wise decomposition:

90(n) = 90(n) U {0n}.
— We can treat the empty sets separately.

Power set operads: the operad theory underlying polyhedral products |

Mathieu Vallée |

Trivial operad Triv
Triv has a single operation id of arity 1.

9 Triv(1) = {{id}}, {id} o {id} = {id}.
© Triv = Triv .
Commutative operad Com

Com has a single operation yu, of arity n for
every n > 1, with trivial Sp-action.

© Com(n) = {{un}} foralln>1.

» Com = Com.

Both Triv and Com are fixed points of .
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The Reduced Power of Perm

We have p(Perm(n)) = ¢(|n]) tor n > 1.
For (1,J) € 9([n]) x 9([m]) and k € [n]:

loxd={ioxj:ieljed}
Splitting by cases on /i vs k:

/ IFkuU+k-1)u(P +m-1) kel,
Ok =
1<k U (7% + m - 1) kel

where [k = {iel:i<k}, Pk={iel:i>k}.
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The Reduced Power of Perm

We have p(Perm(n)) = ¢(|n]) tor n > 1.
For (1,J) € 9([n]) x 9([m]) and k € [n]:

logJJ={iokj:ieljeJ}
Splitting by cases on i vs k:
lor IFku(+k-Du(Pk+m-1) kel,
Ok =

I<ku (P +m-1) kel

where [k = {iel:i<k}, Pk={iel:i>k}.

Key observation

If k ¢ I, inserting at position k forgets the
information from J entirely.

Note: The composition also works for J = 0.
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The Reduced Power of Perm

We have p(Perm(n)) = ¢(|n]) tor n > 1.
For (1,J) € 9([n]) x 9([m]) and k € [n]:

loxd={ioxj:ieljed}
Splitting by cases on /i vs k:
| IFku(+k-Du(Pk+m-1) kel,
Ok =

kU (Pk+m-1) k¢l

where [k = {iel:i<k}, Pk={iel:i>k}.

Key observation

If k ¢ I, inserting at position k forgets the
information from J entirely.

Note: The composition also works for J = 0.

Power set operads: the operad theory underlying polyhedral products | Mathieu Vallée

Illustration

— HOm
y ——
lo?’ N Om mCOE Om
——
X = OmmEC.
y = .D.
——
lo4 N Omm OO0 .
——
X = OmECOE
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The Reduced Power of Perm

We have p(Ferm(n)) = (| n]) tor n > 1. .
For (1, J) € 5([n]) x $([m]) and k € [n]:

loxJ={iokj:ieljeJ} y= 4208
lo?) — Om mCOE Om
Splitting by cases on /i vs k: X = OmmOm s
IFkuUU+k=-1)u (P +m-1) kel, = EOm
o, ={ ( ) ( ) y
I<ku(Pk+m-1) kel Loa — Omm0OOO W

X = OmE0Om
where [k = {iel:i<k}, Pk={iel:i>k}.

Proposition (V., 2026

If k ¢ I, inserting at position k forgets the We have

information from J entirely. D (Perm) = ComTrias

Note: The composition also works for J = 0. where ComTrias is some operad introduced by
Vallette in 2007.
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An algebra over ¢(Perm)

Proposition (V., 2026+)

Let (C,®,¢e) bea monoidal category. Then, the set mor(C) of all arrows of C carries
9 (Perm)-algebra structure given by:

%n: 9(Perm)(n) x mor(C)" — mor(C)

where

n n .
n X G/
n(h Y32 Xt Ve 2 Xo) = O ®Y;—>®{Y{ e
i=1 i=1 g

and g = f; when i € | and g; = idy, otherwise.
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An algebra over ¢(Perm)

Proposition (V., 2026+)

Let (C,®, €) be a small strict symmetric monoidal category. Then, the set mor(C) of all arrows of C carries
9 (Perm)-algebra structure given by:

%n: 9(Perm)(n) x mor(C)" — mor(C)

where

n n .
n X G/
n(h Y32 Xt Ve 2 Xo) = O ®Y;—>®{Y{ e
i=1 i=1 g

and g = f; when i € | and g; = idy, otherwise.
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Iterating ¢ on Perm: the reduced substitution operad

We have:

9> (Perm)(n) = 9(9([n])) = hypg(n).
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Iterating ¢ on Perm: the reduced substitution operad

We have:

9> (Perm)(n) = 9(9([n])) = hypg(n).

Definition (Reduced substitution operad)

Denoted by (hypg, {ox}).
For K € hypg(n), L € hypg(m), k € [n]:
Kokl ={I**u(J+k-1uP*+m-1)
leK,Jel, kel}
U{rkuPkem-1:1eK, k¢l}
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Iterating ¢ on Perm: the reduced substitution operad

We have:

9> (Perm)(n) = 9(9([n])) = hypg(n).

Definition (Reduced substitution operad)

Denoted by (hypg, {ox}).
For K € hypg(n), L € hypg(m), k € [n]:
KoL ={IT"u(J+k-1u(P +m-1)
leK,Jel, kel}
u{rku(Pkem-1):1eK, k¢l

— We recover the substitution of L into K at
vertex k in the sense of Abramyan—Panov (2019),
in the case of reduced hypergraphs.
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Iterating ¢ on Perm: the reduced substitution operad

We have: Proposition (V., 2026+)

Qz(Perm)(n) =9(p([n]) = hypg(n). The pairs (transv, {ox}) and (S5cpx, {ox}) form
suboperads of (hypg, {ok}).

Definition (Reduced substitution operad)

Denoted by (hypg, {ox}).
For K € hypg(n), L € hypg(m), k € [n]:
Kokl ={I**u(J+k-1uP*+m-1)
leK,Jel, kel}
U{rkuPkem-1:1eK, k¢l}

— We recover the substitution of L into K at
vertex k in the sense of Abramyan—Panov (2019),
in the case of reduced hypergraphs.
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Iterating ¢ on Perm: the reduced substitution operad

We have: Proposition (V., 2026+)

Qz(Perm)(n) =9(p([n]) = hypg(n). The pairs (transv, {ox}) and (S5cpx, {ox}) form
suboperads of (hypg, {ok}).

Definition (Reduced substitution operad)

Summary: iterating ¢ on Perm

Denoted by (hypg, {ok}).
For K € hypg(n), L € hypg(m), k € [n]:
KoL ={I“U(J+k-1)u(P +m-1) ~ i?_
leK,Jel kel P Perm(m) = p([n])

)
U{rkuPkem-1:1eK, k¢l} . i _
9~ Perm(n) = hypg(n)

Perm(n) = [n]

— We recover the substitution of L into K at Suboperads at level 2:
vertex k in the sense of Abramyan—Panov (2019),

in the case of reduced hypergraphs. transv(n), scpx(n) — hypg(n).
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From Perm to Substitution and Composition Operads

The operad IdemCom

Extend p(Perm) by allowing 0:
IdemCom(n) = ¢([n]), n>1.
= @ (ldemCom)(n) = hypg(n).

Power set operads: the operad theory underlying polyhedral products

Mathieu Vallée
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From Perm to Substitution and Composition Operads

The operad IdemCom

Extend p(Perm) by allowing 0:
IdemCom(n) = p([n]), n=>1.

= @ (ldemCom)(n) = hypg(n).

Suboperads of (hypg, {ok})

® (scpx, {ok}), (scpxyp, {ok}):
suboperads.
® transv, transv: not stable.
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From Perm to Substitution and Composition Operads

The operad IdemCom Composition operation on /demCom

Extend p(Perm) by allowing 0: The complement (: p([n]) — ¢([n]) transports {ox} to
a new composition on /demCom:

105 J:=C(C) ok C(I)),

IdemCom(n) = p([n]), n=>1.

= ¢ (IdemCom)(n) = hypg(n).
i.e. explicitly:

Suboperads of (hypg, {ok}) e {/<" U ([m] + k=)0 (Pk+m-1) kel
kI = kel

<k _ >k _
o (scpx, {ok})s (5CPXep, {ok)): FAU+ =D U+ m-1)

suboperads.

® transv, transv: not stable.
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From Perm to Substitution and Composition Operads

The operad IdemCom Composition operation on /demCom

Extend p(Perm) by allowing 0: The complement (: p([n]) — ¢([n]) transports {ox} to
a new composition on /demCom:

105 J:=C(C) ok C(I)),

IdemCom(n) = p([n]), n=>1.

= ¢ (IdemCom)(n) = hypg(n).
i.e. explicitly:

Suboperads of (hypg, {ok}) 1o {/<" U ([m] + k=)0 (Pk+m-1) kel
ok J = <k _ >k _
o (e o), (e e fu U+ k=-H)u P+ m=-1) kel

suboperads.

[ ] ° o e

® (ucpx,{of}) = (hypg, {of}): suboperad.
® (scpx, {of}): composition operad, recovering
Ayzenberg’s composition after (—)!.
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Section 5

Algebras over the operads on simplicial complexes
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Polyhedral Product

Definition (Polyhedral product)

Let (X,Y) = ((Xi, Yi))ic[n] be a sequence of pairs
of spaces with Y; C X.
The polyhedral product is the functor

Zn(— (X,Y)): scpxzp(n) — pairTop,
K X;, coli X, Y|,
H(;m] : Iecgtl(r;})%n( (X _)))

where the face diagram is:

X,' i € /,
xn( (X, Y)) = { .
ig] Yi il

with arrows given by natural inclusions / C J.
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Polyhedral Product

Definition (Polyhedral product) Proposition (Ayzenberg 2013)

Let (X,Y) = ((Xi, Yi))ic[n] be a sequence of pairs  Let K € scpx,q(n), L € scpx,q(m), k € [n]. For
of spaces with Y; C X. every ((Xi, Yi))ie[n+m-1]:

The polyhedral product is the functor ESm1(Kof L (X, X)) =ZF5(K; (X', Y')),
Zn(— (X,Y)): scpxyp(n) — pairTop, where fori € [n]:

(Xi, Yi) i <k,

K (]T[ X, colim. xn(l; (X, _))) X Y?) = AFE (L (X Vkejrem) = ki

(Xi+m—17 Y1+m71) i> k.

where the face diagram is:

X,' i € /,
xn( (X, Y)) = { :
ig] Yi il

with arrows given by natural inclusions / C J.
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Polyhedral Product

Definition (Polyhedral product) Proposition (Ayzenberg 2013)

Let (X,Y) = ((Xi, Yi))ic[n) be a sequence of pairs

of spaces with Y; C X.
The polyhedral product is the functor
Zn(=; (X, Y)): sepxep(n) — pairTop,

K H(l_[ Xi, coI|m x,,(l (X, _)))

i€[n]

where the face diagram is:

l—[ X,' i€/,
Y iél,

i€[n]

xn( (X, Y)) =

with arrows given by natural inclusions / C J.

Power set operads: the operad theory underlying polyhedral products | Mathieu Vallée

Let K € scpx,g(n), L € scpx,g(m), k € [n]. For
every ((Xi, Y'))ie[n+m—1]-‘

Zom-1(Kop L (X, Y)) = Z(K; (X", Y)),
where fori € [n]:

(Xi, i) i<k,

(X7, Y)) = {En (L (Xjs Vksj<kem) 1=k,

(Xi+m-15 Yiem-1) i> k.

Operadic rephrasing

pairTop carries a (scpx,g, {of })-algebra
structure, with structure map the polyhedral
product functor.
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Algebra over the Substitution Operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete
symmetric monoidal category.

Then mor(C) carries a (scpx.g, {oj})-algebra structure,
with structure map:

ZEn: scpXqp(n) X mor(C)" — mor(C),
zjn(l{v f].9 DRI fn) = (Y1® : ®Yn - Ié:(gltl(r;}) %n(lu (K’X)))’

where f;: Y; — X; and

X iel
zn(l; (X, Y)) = { o
@ Y: ié¢l
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Algebra over the Substitution Operad

Theorem (V., 2026+) For the composition operad

Let (C, ®, e) be a small strict cocontinuous cocomplete For, (scpxyg, {o§}):

symmetric monoidal cate .

y SO ZL(K; (X, Y)

Then mor(C) carries a (scpx.g, {oj})-algebra structure, i

with structure map: = ( li I(X,Y X )
P j<olim a1 (X, Y)) = <§§1) ,

ZEn: scpXqp(n) X mor(C)" — mor(C),
Fn(K; f,... ) = (Y1®~~-®Y,, — colim x,(/; (K,Z))),
lecat(K)
where f;: Y; — X; and
L X,' i € I,
2l (X, Y)) =
xn(l; (X, X)) ®{Y,- el

i=1
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Algebra over the Substitution Operad

Theorem (V., 2026+) For the composition operad

Let (C, ®, e) be a small strict cocontinuous cocomplete For, (scpxyg, {o§}):

symmetric monoidal cate .

y SO ZL(K; (X, Y)

Then mor(C) carries a (scpx.g, {oj})-algebra structure, i

with structure map: = ( li I(X,Y X )
P j<olim a1 (X, Y)) = <§§1) ,

ZEn: scpXqp(n) X mor(C)" — mor(C),

. Example: C = Top with ® = x
En(K; o) = (Vi@ @Y, - colim xo(li (X YD), T i

mor(Top) = pairTop,
where f;: Y; — X; and (Top) =p P

X iel,
2n(l; (X, Y)) ==®{y- i¢l

i=1

Zn(K; —) = polyhedral product.
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Same story for limits

Since cat(K)°P reverses the face diagram, we use limits
instead of colimits (or pass (C,®, e) through a “nice”
contravariant functor).

Theorem (V., 2026+)

Assuming (C, ®, e) is small, strict, continuous, and
complete, mor(C) carries an algebra structure:

(i) Over (scpx.g, {oi}):
Lo(K; (X Y)) = (_lim el (X, ) = Q) Xi)
i=1

(ii) Over (scpx,g, {of}):

LG K1) = (@Y= lim el (X, 10)).
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Same story for limits

Since cat(K)°P reverses the face diagram, we use limits
’ xample: C = T =A

instead of colimits (or pass (C,®, e) through a “nice” i C op, ®

contravariant functor). (some weakening of the hypotheses)

Theorem (V., 2026+)

Assuming (C, ®, e) is small, strict, continuous, and
complete, mor(C) carries an algebra structure:

(i) Over (scpx.g, {oi}):

Z,(K; —) = polyhedral coproduct.

(See Amelotte-Hornsilien-Stanton, 2024)

(K (XY = (_lim 60 (%,) = (X)),
i=1

lecat(K)°pP

(ii) Over (scpx,g, {of}):

LG K1) = (@Y= lim el (X, 10)).
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Same story for limits

Since cat(K)°P reverses the face diagram, we use limits
’ xample: C = T =A

instead of colimits (or pass (C,®, e) through a “nice” i C op, ®

contravariant functor). (some weakening of the hypotheses)

Theorem (V., 2026+)

Assuming (C, ®, e) is small, strict, continuous, and
complete, mor(C) carries an algebra structure:

(i) Over (scpx,g, {oi}): All four maps

n
gn(K; (sz)) = (Iec!it?z()°P €n(l; (K7X)) -~ @Xi), Map

Z,(K; —) = polyhedral coproduct.

(See Amelotte-Hornsilien-Stanton, 2024)

Direction

£, ®Y; — colim
ED colim — ®X;

S/ lim — ®X;

n
LEKG (XX) = (R Vi lim ol (X.Y))). %E Y —lm
i=1

(ii) Over (scpx,g, {of}):
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Section 6

Simplicial join operad
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The Simplicial Join Operad on Pairs

Definition (Polyhedral join product)
K a simplicial complex on [m] and (M;, Nj)ic[m]

pairs on simplicial complexes, on [n;]

. M,' i€l
ML) =) * 30 ek M
i e W0 O

ie[m]
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The Simplicial Join Operad on Pairs

Definition (Polyhedral join product)
K a simplicial complex on [m] and (M;, Nj)ic[m]

pairs on simplicial complexes, on [n;]

. M,' i€l
ML) =) * 30 ek M
i e W0 O

Definition (Partial join product)

For K on [n], a pair (M, N) on [m], and k € [n],
the partial polyhedral join product is:

ie[m]

K < (M, N)
= Z:(K; (pt.{0}). . ... (M, N),.... (pt, {0}))
k
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The Simplicial Join Operad on Pairs

K a simplicial complex on [m] and (M;, Nj)jc[m)  For pairs (K, L) on [n] and (M, N) on [m]:
pairs on simplicial complexes, on [n;] (K. L) o (M, N) = (K <. (M, N), L<. (M, N)).

. M,' i€l
ML) =) * 30 ek M
i e W0 O

Definition (Partial join product)

For K on [n], a pair (M, N) on [m], and k € [n],
the partial polyhedral join product is:

ie[m]

K < (M, N)
= Z:(K; (pt.{0}). . ... (M, N),.... (pt, {0}))
k
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The Simplicial Join Operad on Pairs

K a simplicial complex on [m] and (M;, Nj)jc[m)  For pairs (K, L) on [n] and (M, N) on [m]:
pairs on simplicial complexes, on [n;] (K. L) o (M, N) = (K <. (M, N), L<. (M, N)).

. M,' i€l
Zi(K: (M N)) = | ) % { < % M

I€K ie[m] Ni ¢l ie[m] Theorem (V., 2026+)
Th i i 1) i ital ith
Definition (Partial join product) unii ?Z;j](zaigcf f};{ O{g))})ls B

For K on [n], a pair (M, N) on [m], and k € [n],
the partial polyhedral join product is:

K < (M, N)
= Z:(K; (pt.{0}). . ... (M, N),.... (pt, {0}))
k
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The Simplicial Join Operad on Pairs

K a simplicial complex on [m] and (M;, Nj)jc[m)  For pairs (K, L) on [n] and (M, N) on [m]:
pairs on simplicial complexes, on [n;] (K. L) o (M, N) = (K <. (M, N), L<. (M, N)).

. M,' i€l
Zi(K: (M N)) = | ) % { < % M

I€K ie[m] Ni ¢l ie[m] Theorem (V., 2026+)
Th i i 1) i ital ith
Definition (Partial join product) unii ?Z;j](zaigcf f};{ O{g)i)ls B

For K on [n], a pair (M, N) on [m], and k € [n],

the partial polyhedral join product is: Suboperads

K < (M, N) Both previous operads are special cases:
=%F(K; (pt, {0}),...,(M,N),...,(pt, {0 .
o(K: (PEABD. ... (M. ), ... (pt. {0)) (K ok L, {0)) = (K. {0}) o}, (L, {0)),
“ (Atnem-11, K of L) = (Afn, K) o) (Afm), L).
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) x mor(C)" — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) X mor(C)"  — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).

What remains to do
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) X mor(C)"  — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).

What remains to do

©® Study algebras on suboperads § of the composition and substitution operads, and
S-subcollections supporting an §-module structure
e.g. scpx,g and right ({0A"}, of)-module — K (J).
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©® Study algebras on suboperads § of the composition and substitution operads, and
S-subcollections supporting an §-module structure
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® Study algebraic properties like Gorenstein(*)-ness, Golodness, minimally non-Golodness.
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) X mor(C)"  — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).

What remains to do

©® Study algebras on suboperads § of the composition and substitution operads, and
S-subcollections supporting an §-module structure
e.g. scpx,g and right ({0A"}, of)-module — K (J).
® Study algebraic properties like Gorenstein(*)-ness, Golodness, minimally non-Golodness.

©® Find the Koszul dual to the composition and substitution operads over simplicial complexes.
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) X mor(C)"  — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).

What remains to do

©® Study algebras on suboperads § of the composition and substitution operads, and
S-subcollections supporting an §-module structure
e.g. scpx,g and right ({0A"}, of)-module — K (J).
® Study algebraic properties like Gorenstein(*)-ness, Golodness, minimally non-Golodness.
©® Find the Koszul dual to the composition and substitution operads over simplicial complexes.

© Study the operad (pairscpx, {o}}) and its algebras over some monoidal categories.
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Algebra over the simplicial join operad

Theorem (V., 2026+)

Let (C, ®, e) be a small strict cocontinuous cocomplete symmetric monoidal category. Then, there
is a (pairscpx,(_ ), {0} })-algebra structure on mor(C) given by

My pairscpx,g(n) X mor(C)"  — mor(C)
((K.L) 5 (XY o (colim (i (X, ¥)) = colim xa(J; (X, Y))).

What remains to do

©® Study algebras on suboperads § of the composition and substitution operads, and
S-subcollections supporting an §-module structure
e.g. scpx,g and right ({0A"}, of)-module — K (J).
® Study algebraic properties like Gorenstein(*)-ness, Golodness, minimally non-Golodness.
©® Find the Koszul dual to the composition and substitution operads over simplicial complexes.
© Study the operad (pairscpx, {o}}) and its algebras over some monoidal categories.

® Does the Cartan-type formula of [BBCG, 2024] comes from an operadic construction?

Power set operads: the operad theory underlying polyhedral products | Mathieu Vallée | The 8th Korea Toric Topology Workshop — 26 Feb. 2026 33/34



Thank you for listening!
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