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Study of fans ~ Toric geometry

Toric variety: normal algebraic variety over the field of
complex numbers C that admits an effective algebraic action
of (C*)" having a dense orbit.
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of (C*)" having a dense orbit.

Toric manifold: Smooth complete toric variety.
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Toric manifolds <%  Smooth complete fans
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of (C*)" having a dense orbit.

Toric manifold: Smooth complete toric variety.
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Toric manifolds <%  Smooth complete fans

Smooth complete fan : X finite collection of cones C
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Fundamental theorem of toric geometry
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Study of fans ~ Toric geometry

Toric variety: normal algebraic variety over the field of
complex numbers C that admits an effective algebraic action
of (C*)" having a dense orbit.

Toric manifold: Smooth complete toric variety.

Fundamental theorem of toric geometry

Toric manifolds <%  Smooth complete fans

Smooth complete fan : X finite collection of cones C
(fan) stable by faces and intersection
(smooth) unimodular cones
(complete) union is R"
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Study of fans ~ Toric geometry

Toric variety: normal algebraic variety over the field of
Y g Y A smooth complete fan in R?

complex numbers C that admits an effective algebraic action
of (C*)" having a dense orbit.

Toric manifold: Smooth complete toric variety.

0
Fundamental theorem of toric geometry H

Toric manifolds <%  Smooth complete fans

2

Smooth complete fan : X finite collection of cones C _q
(fan) stable by faces and intersection { }

(smooth) unimodular cones
(complete) union is R"

Dimension of 3: n

N

Picard number of ¥: m — n, m number of rays
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How to encode a smooth complete fan?

20— (K
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How to encode a smooth complete fan?

)
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® Kis a simplicial complex.
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How to encode a smooth complete fan?
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® Kis a simplicial complex.
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How to encode a smooth complete fan?

> — (KN

T2

C12

T3

T1

® Kis a simplicial complex.

e Kis pure.
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Our goal

Characterization problem in toric geometry

Enumerate every such pairs (K, \), which
correspond to fans X.
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Our goal

Characterization problem in toric geometry

Enumerate every such pairs (K, \), which
correspond to fans X.

Two possible approaches:
©® Small dimension. (Ex. dimension 2)

Polygon [> Q O

Normal fan <_< x %
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Our goal

Characterization problem in toric geometry

Enumerate every such pairs (K, \), which
correspond to fans X.

Two possible approaches:
©® Small dimension. (Ex. dimension 2)

Polygon [> Q O

Normal fan <_< x %

® Small Picard number.
® PicX = 2 (Kleinschmidt 88).
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Our goal

Characterization problem in toric geometry

Enumerate every such pairs (K, \), which
correspond to fans X.

Two possible approaches:
©® Small dimension. (Ex. dimension 2)

Polygon [> Q O

Normal fan <_< x %

® Small Picard number.
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® PicX = 3 (Batyrev 91).
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Our goal

Characterization problem in toric geometry
Enumerate every such pairs (K, \), which
correspond to fans X.

Two possible approaches:
©® Small dimension. (Ex. dimension 2)

Polygon [> <> O
Normal fan <_< e %

® Small Picard number.
® PicX = 2 (Kleinschmidt 88).
® PicX = 3 (Batyrev 91).

Next step
Pic¥ =4
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, \), which
correspond to fans X.

Two possible approaches:
©® Small dimension. (Ex. dimension 2)

Polygon [> Q O
Normal fan <_< e %

® Small Picard number.
® PicX = 2 (Kleinschmidt 88).
® PicX = 3 (Batyrev 91).

Next step

Picx =14
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, \), which
correspond to fans X.

® Not all are polytopal (e.g. Barnette’s sphere 69)
— Gale duality unusable
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, \), which
correspond to fans X.

® Not all are polytopal (e.g. Barnette’s sphere 69)
— Gale duality unusable

Two possible approaches- ® Know results: Only up ton = 4, m=3_8

©® Small dimension. (Ex. dimension 2) (Altshuler, Steinberg 74-85)

Polygon [> Q O
Normal fan <_< e %

® Small Picard number.
® PicY = 2 (Kleinschmidt 88).
® PicX = 3 (Batyrev 91).

Next step

Picx =14
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, \), which
correspond to fans X.

® Not all are polytopal (e.g. Barnette’s sphere 69)
— Gale duality unusable

Two possible approaches- ® Know results: Only up ton = 4, m=3_8

©® Small dimension. (Ex. dimension 2) (Altshuler, Steinberg 74-85)

® Lexicographic enumeration methods n = 3,4
Polygon [> Q O m < 11 (Sulanke, Lutz 08-09) not efficient for

bigger n
Normal fan <_< x %

® Small Picard number.
® PicY = 2 (Kleinschmidt 88).
® PicX = 3 (Batyrev 91).

Next step

Picx =14
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, A), which * Not all are polytopal (e.g. Barnette’s sphere 69)
correspond to fans X. — Gale duality unusable
Two possible approaches: ® Know results: onlyupton =4,m =8

©® Small dimension. (Ex. dimension 2) (Altshuler, Steinberg 74-85)
® Lexicographic enumeration methods n = 3,4

Polygon [> Q O m < 11 (Sulanke, Lutz 08-09) not efficient for
bigger n
Normal fan x * Nonlinear optimization methods (Firshing 17)
<: n = 4,m = 9,10 for simplicial polytopes
® Small Picard number.

® PicY = 2 (Kleinschmidt 88).
® PicX = 3 (Batyrev 91).

Next step

Picx =14

Toric manifolds of Picard number 4 I Mathieu Vallée I SPP - Monday 3 Nov. 4 /16



Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, A), which * Not all are polytopal (e.g. Barnette’s sphere 69)
correspond to fans %. — Gale duality unusable
Two possible approaches: ® Know results: onlyupton =4, m =28

©® Small dimension. (Ex. dimension 2) (Altshuler, Steinberg 74-85)
® Lexicographic enumeration methods n = 3,4

Polygon [> <> O m < 11 (Sulanke, Lutz 08-09) not efficient for
bigger n
Normal fan <: X * Nonlinear optimization methods (Firshing 17)
n =4, m = 9, 10 for simplicial polytopes
® Small Picard number.
® Pic ¥ = 2 (Kleinschmidt 88). Here, we consider smooth fans
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Our goal

Characterization problem in toric geometry | Why greater Picard number is hard

Enumerate every such pairs (K, A), which * Not all are polytopal (e.g. Barnette’s sphere 69)
correspond to fans %. — Gale duality unusable
Two possible approaches: ® Know results: onlyupton =4, m =28

©® Small dimension. (Ex. dimension 2) (Altshuler, Steinberg 74-85)
® Lexicographic enumeration methods n = 3,4

Polygon [> <> O m < 11 (Sulanke, Lutz 08-09) not efficient for
bigger n
Normal fan <: X ® Nonlinear optimization mthods (Firshing 17)
n =4, m = 9, 10 for simplicial polytopes
® Small Picard number.
® Pic ¥ = 2 (Kleinschmidt 88). Here, we consider smooth fans
® PicX = 3 (Batyrev 91)

Next step — Properties on K.
— Properties on A.

Picx =14
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

P,
Py

Py
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
common subdivision with the boundary of a simplex.
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P,
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
common subdivision with the boundary of a simplex.

Vocabulary:
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rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
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— Properties on K
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rays of the fans < vertices of K.

Definition (Piecewise linear sphere)
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
common subdivision with the boundary of a simplex.

Vocabulary:
® Facets: faces of maximal dimension.
® Ridges: faces of maximal dimension —1.

Fact: PL spheres are weak pseudo-manifolds. P4
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
common subdivision with the boundary of a simplex.

Vocabulary:

e Facets: faces of maximal dimension.
® Ridges: faces of maximal dimension —1.

Fact: PL spheres are weak pseudo-manifolds. P4

p
Definition (Weak pseudo-manifold) '

Every ridge is included in exactly 2 facets. P,
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— Properties on K

We intersect a smooth complete fan with a sphere, centered at 0.

rays of the fans < vertices of K.

Definition (Piecewise linear sphere)

A piecewise linear (PL) sphere is a simplicial complex which has a
common subdivision with the boundary of a simplex.

Vocabulary:

e Facets: faces of maximal dimension.
® Ridges: faces of maximal dimension —1.

Fact: PL spheres are weak pseudo-manifolds. P4
p

Definition (Weak pseudo-manifold) ' ‘

Every ridge is included in exactly 2 facets. Py p,
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector x* of K.
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.

The pentagon P;

Facets: {12, 15,23, 34, 45}.

Transpose of x5:

12 13 14 15 23 24 25 34 35 45
1 o o 1 1 0 0 1 0 1]-
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.

The pentagon P;

Facets: {12, 15,23, 34, 45}. 2
Transpose of x5: . ,
12 13 14 15 23 24 25 34 35 45

1 o o 1 1 0 0 1 0 1]-

4 3
n-subsets of [m)]

F
L |
Eu * * *
G
o
w0
©

A= & 71 |* d x| , O=1<rcCF.
Q£
=] .
2} .
/I\ :
\n * * *
a
N—"
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.
The pentagon P;
Facets: {12,15,23,34,45}. 2
Transpose of x5: . ,

12 13 14 15 23 24 25 34 35 45
[1 0 0 1 1 0 0 1 0 1] -

n-subsets of [m)]

F
— Proposition
.E. * * *
S Let K be a pure simplicial complex. Then,
w0
=
Azé T | * O x| , O=1srcCF.
= .
¢ :
C.‘\ * * *
=
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.
The pentagon P;
Facets: {12,15,23,34,45}. 2
Transpose of x5: . ,

12 13 14 15 23 24 25 34 35 45
[1 0 0 1 1 0 0 1 0 1] -

n-subsets of [m)]

F
— Proposition
é * * *
S Let K be a pure simplicial complex. Then,
eq->"’_, K'is a weak pseudo-manifold
A:B T | * O x| , O=1srcCF.
= .
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? * * *
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.
The pentagon P;
Facets: {12,15,23,34,45}. 2
Transpose of x5: . ,

12 13 14 15 23 24 25 34 35 45
[1 0 0 1 1 0 0 1 0 1] -

n-subsets of [m)]

F
— Proposition
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S Let K be a pure simplicial complex. Then,
eq->"’_, K'is a weak pseudo-manifold
A= & 71 |* d x| , O=1<rcCF. i 2
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Finding weak pseudo-manifolds is linear algebra

The facets of K are subsets of size n of [m] = {1,...,m} — use the characteristic vector xX of K.
The pentagon P;
Facets: {12,15,23,34,45}. 2
Transpose of x5: . ,

12 13 14 15 23 24 25 34 35 45
[1 0 0 1 1 0 0 1 0 1] -

n-subsets of [m)]

F
— Proposition
é * * *
S Let K be a pure simplicial complex. Then,
ag K'is a weak pseudo-manifold
A= & 71 |* d x| , O=1<rcCF. i 2
ke ' < Ax s a 0,2 vector
r 5 = x"is in the mod 2 kernel of A.
T.:‘ * * *
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Illustration

(n-1)-subsets of [m]

n-subsets of [m)]

F

* *
T * O
* *

Toric manifolds of Picard number 4

Let K be a pure simplicial complex. Then,
K is a weak pseudo-manifold
< AxXisa 0,2 vector
= xXis in the mod 2 kernel of A.

O=1<rcCF

I
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Illustration

n-subsets of [m)]

F
z
5 Let K be a pure simplicial complex. Then,
% ‘ : : K is a weak pseudo-manifold
A= r|x --- O -+ x|, O=1lsrcF K -
e . < Ax"isa 0,2 vector
r : = xXis in the mod 2 kernel of A.
\n * * *
£
Example :
5 A 12 13 14 23 24 34 |0 0
11 1 1 0 0 0710 0
K is a weak pseudo-manifold. 241 0 0o 1 1 00 10
3 |0 1 0 1 0 1 1 2
1 9 4 Lo o 1 o0 1 11]! 2
1 2
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Algorithm for enumerating weak pseudo-manifolds
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find abasis B= [x* .- /] of the mod 2 kernel of A.
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024) 3 4

© Find abasis B= [x* .- /] of the mod 2 kernel of A. >< Ky
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find abasis B= [x* .- /] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find abasis B= [x* .- /] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.

Toric manifolds of Picard number 4 I Mathieu Vallée I SPP - Monday 3 Nov.

8/16



Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find a basis B = [\ x'¢] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.

® For every such x" seen in Z, check if Ax" is a 0,2 vector.
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find a basis B = [\

x'¢] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.

® For every such x" seen in Z, check if Ax" is a 0,2 vector.

@ Step 2 is highly parallel computing capable — use GPU!
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find a basis B = [\

x'¢] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.

® For every such x" seen in Z, check if Ax" is a 0,2 vector.

@ Step 2 is highly parallel computing capable — use GPU!
® This algorithm may return isomorphic weak pseudo-manifolds.
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Algorithm for enumerating weak pseudo-manifolds

Algorithm (Choi, Jang, V., 2024)

© Find a basis B = [\

x'¢] of the mod 2 kernel of A.

® Enumerate every element x* of the kernel as follows: x* = BX (mod 2), for X
running through the 2° possible binary vectors.

® For every such x" seen in Z, check if Ax" is a 0,2 vector.

@ Step 2 is highly parallel computing capable — use GPU!
® This algorithm may return isomorphic weak pseudo-manifolds.

® There is an infinite number of weak pseudo-manifolds of Picard number 4.
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— Property on \

2 o (K A)
Smooth complete fan
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Smooth complete fan
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— Property on \

facet of K
< (KX smooth S
Smooth complete fan - 5 %
= det = +1

— K is toric-colorable
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— Property on \

facet of K
T o (KA smooth By .
Smooth complete fan - ; 5 :
= det = £1
— K is toric-colorable
mod 2
facet of K
0/1 0/1 0/1 --- 0/1 0/1 0/1
AR — : : : : : :
0/1 o/1 |0/t - o/1| o/ 0/1

= mod 2 base
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— Property on \

facet of K
T o (KA smooth N — .
Smooth complete fan - ; 5 :
= det = £1
— K is toric-colorable
mod 2
facet of K
0/1 0/1 0/1 --- 0/1 0/1 0/1
AR — : : : : : :
0/1 o/1 |0/t - o/1| o/ 0/1

= mod 2 base

— K is Z3-colorable
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— Property on \

facet of K
< (KX smooth S )
Smooth complete fan - ; 5 :
= det = £1
— Kiis toric-colorable
mod 2
facet of K
0/1 0/1 0/1 --- 0/1 0/1 0/1 The facets of
AR — o . o K are bases of
5 5 : : : : some binary
0/1 o1 |01 - 01| o1 0/1 matroid.

= mod 2 base

— K is Z3-colorable
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Wedge operation and seeds
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Wedge operation and seeds

Definition (Wedge operation) 3
5

The wedge of K at v is the simplicial complex on VU {v1,v2}\{v}:

Wed, (K) := (I * Lkx(v)) U (81 K\ {v}). 1 2
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Wedge operation and seeds

Definition (Wedge operation)

ot
w

The wedge of K at v is the simplicial complex on VU {v1,v2}\{v}:

Wed, (K) := (I + Lkx(v)) U (31 * K\ {v}). 1 2
1, 4
5 3
1o ¥ 2
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Wedge operation and seeds

4
Definition (Wedge operation) 3
The wedge of K at v is the simplicial complex on VU {v1,v2}\{v}:
Wed, (K) := (I % Lkg(v)) U (01 x K\{v}). 1 2
1y 4
— simplicial complexes which are not wedges are called seeds.
5 3
/
IR v2
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Wedge operation and seeds

Definition (Wedge operation) 3

The wedge of K at v is the simplicial complex on VU {v1,v2}\{v}:

Wed, (K) := (I * Lkx(v)) U (81 K\ {v}). 1 2

— simplicial complexes which are not wedges are called seeds.

Consecutive wedges:
J-construction (Bahri, Bendersky, Cohen and Gitler, 2010)
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Properties of wedged seeds

Wedging preserves
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Properties of wedged seeds

Wedging preserves

® The Picard number,
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Properties of wedged seeds

Wedging preserves

® The Picard number,
® The PL sphereness (Choi and Park, 2017),
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Properties of wedged seeds

Wedging preserves

® The Picard number,
® The PL sphereness (Choi and Park, 2017),
e Toric colorability (Ewald, 1986 or BBCG, 2010).

Toric manifolds of Picard number 4 I Mathieu Vallée I SPP - Monday 3 Nov. 1/16



Properties of wedged seeds

Wedging preserves

® The Picard number,
® The PL sphereness (Choi and Park, 2017),
e Toric colorability (Ewald, 1986 or BBCG, 2010).

Theorem (Choi and Park, 2017)

K is a toric colorable seed PL sphere = m < 2™™",
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Properties of wedged seeds

Proposition

Wedging preserves
® The Picard number,
® The PL sphereness (Choi and Park, 2017),
e Toric colorability (Ewald, 1986 or BBCG, 2010).

Theorem (Choi and Park, 2017)

K is a toric colorable seed PL sphere = m < 2™™",

In our case: Picard number 4
Finite number of cases:

(n7 m) = (1’ 5)’ (27 6)’ (37 7)7 (47 8)7 (5’ 9)7 (67 10)7 (7’ 11)7 (8’ 12)7 (97 13)’ (107 14)7 (117 15)7
— finite problem!
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Strategies for using the GPU algorithm

First strategy

Run the GPU algorithm for n < 11 and check Zj-colorability.
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Strategies for using the GPU algorithm

First strategy
Run the GPU algorithm for n < 11 and check Zj-colorability.

— out of reach for n > 6 (kernel of A is too big).
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Strategies for using the GPU algorithm

First strategy
Run the GPU algorithm for n < 11 and check Zj-colorability.
— out of reach for n > 6 (kernel of A is too big).

Idea
Change the matrix A by using Zj-colorability.
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Strategies for using the GPU algorithm

First strategy

Run the GPU algorithm for n < 11 and check Zj-colorability.

— out of reach for n > 6 (kernel of A is too big).

Idea
Change the matrix A by using Zj-colorability.

Theorem (Choi and Park, 2017)

There are only two kinds of toric colorable seed PL spheres of Picard number p:
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Strategies for using the GPU algorithm

First strategy

Run the GPU algorithm for n < 11 and check Zj-colorability.

— out of reach for n > 6 (kernel of A is too big).

Idea
Change the matrix A by using Zj-colorability.

Theorem (Choi and Park, 2017)

There are only two kinds of toric colorable seed PL spheres of Picard number p:
@ The suspension of the seeds of Picard number p — 1 (known already).
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Strategies for using the GPU algorithm

First strategy

Run the GPU algorithm for n < 11 and check Zj-colorability.

— out of reach for n > 6 (kernel of A is too big).

Idea
Change the matrix A by using Zj-colorability.

Theorem (Choi and Park, 2017)

There are only two kinds of toric colorable seed PL spheres of Picard number p:
@ The suspension of the seeds of Picard number p — 1 (known already).

® Non-suspended seed PL spheres of Picard number p whose facets are bases of some binary matroid
with neither coloop nor cocircuits of size 2.
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Strategies for using the GPU algorithm

First strategy

Run the GPU algorithm for n < 11 and check Zj-colorability.

— out of reach for n > 6 (kernel of A is too big).

|

dea
Change the matrix A by using Zj-colorability.

Theorem (Choi and Park, 2017)

There are only two kinds of toric colorable seed PL spheres of Picard number p:

@ The suspension of the seeds of Picard number p — 1 (known already).

® Non-suspended seed PL spheres of Picard number p whose facets are bases of some binary matroid
with neither coloop nor cocircuits of size 2.

New strategy

Run the GPU algorithm with A the ridge-facet incidence matrix of every such binary matroids.
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Keeping the right ones

Bases of such a ’ GPU
binary matroid algorithm
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Keeping the right ones

Bases of such a - GpU | 5-colorable weak
binary matroid algorithm pseudo-manifolds
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Keeping the right ones

Seedness?

Bases of such a - GpU | 5-colorable weak
binary matroid algorithm pseudo-manifolds
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Keeping the right ones

Seedness?

Bases of such a ( GPU ) Z53-colorable weak
binary matroid algorithm pseudo-manifolds

&

Lemma (Seedness)

A simplicial complex K is a seed if and only if there
is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.
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Keeping the right ones

Seedness?

Bases of such a ( GPU ) Z53-colorable weak
binary matroid algorithm pseudo-manifolds

&

Lemma (Seedness)

A simplicial complex K is a seed if and only if there
is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.
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Keeping the right ones

PL sphere?

Bases of such a ( GPU ) Z53-colorable weak
binary matroid algorithm pseudo-manifolds

&

Lemma (Seedness)

A simplicial complex K is a seed if and only if there
is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.
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Keeping the right ones

PL sphere?

Bases of such a ( GPU ) Z53-colorable weak
binary matroid algorithm pseudo-manifolds

&

Lemma (Seedness) Theorem (Bagchi and Datta, 2005)

A simplicial complex K is a seed if and only if there . -» pseudo-manifold K of Picard number at most

is no face {v, w} of K such that for every minimal 7isaPLs . : .
, phere if and only if the link of any face of K
non-face o of K we have either o N {v,w} = @ or is a Zy-homology sphere.

{v, w}.

Toric manifolds of Picard number 4 I Mathieu Vallée I SPP - Monday 3 Nov. 13 /16



Keeping the right ones

Bases of such a ( GPU ) Z53-colorable weak PL sphere?
binary matroid algorithm pseudo-manifolds P '

&

Lemma (Seedness) Theorem (Bagchi and Datta, 2005)

A simplicial complex K is a seed if and only if there . -» pseudo-manifold K of Picard number at most

is no face {v, w} of K such that for every minimal 7isaPLs . : .
, phere if and only if the link of any face of K
non-face o of K we have either o N {v,w} = @ or is a Zy-homology sphere.

{v, w}.

— Compute Z,-Betti numbers.
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Keeping the right ones

Bases of such a
binary matroid

GPU
algorithm

.

Lemma (Seedness)

A simplicial complex K is a seed if and only if there
is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.

Toric manifolds of Picard number 4 I

) Z53-colorable weak
pseudo-manifolds

Mathieu Vallée I

Seedness?

PL sphere?

Toric
colorable?

Theorem (Bagchi and Datta, 2005)

A weak pseudo-manifold K of Picard number at most
7 is a PL sphere if and only if the link of any face of K
is a Zz-homology sphere.

— Compute Z,-Betti numbers.
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Keeping the right ones

GPU
algorithm

Bases of such a
binary matroid

SR

Lemma (Seedness)

A simplicial complex K is a seed if and only if there

is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.

Toric manifolds of Picard number 4 Mathi

Seedness?

Z5-colorable weak

pseudo-manifolds PL sphere?

Bruteforce
algorithm

Toric
colorable?

Theorem (Bagchi and Datta, 2005)

A weak pseudo-manifold K of Picard number at most
7 is a PL sphere if and only if the link of any face of K
is a Zz-homology sphere.

— Compute Z,-Betti numbers.
|
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Keeping the right ones

GPU
algorithm

Bases of such a
binary matroid

SR

Lemma (Seedness)

A simplicial complex K is a seed if and only if there

is no face {v, w} of K such that for every minimal
non-face o of K we have either o N {v,w} = @ or

{v, w}.

Toric manifolds of Picard number 4 Mathi

Seedness?

Z5-colorable weak

pseudo-manifolds PL sphere?

Bruteforce
algorithm

Toric
colorable?

Theorem (Bagchi and Datta, 2005)

A weak pseudo-manifold K of Picard number at most
7 is a PL sphere if and only if the link of any face of K
is a Zz-homology sphere.

— Compute Z,-Betti numbers.
|
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Toric colorable seeds of Picard number 4

Theorem (Choi, Jang, and V., 2024)

The number of toric (or Zy-)colorable seeds of dimension n — 1 and Picard number p < 4 is as follows:
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https://github.com/MVallee1998/GPU_handle

Toric colorable seeds of Picard number 4

Theorem (Choi, Jang, and V., 2024)

The number of toric (or Zy-)colorable seeds of dimension n — 1 and Picard number p < 4 is as follows:

n
p 1 2 3 4 5 6 7 8 9 10 11 >11 total
1 1 1
2 1 1
3 1 1 1 3
4 1 4 21 142 733 1190 776 243 39 4 3153
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https://github.com/MVallee1998/GPU_handle

Toric colorable seeds of Picard number 4

Theorem (Choi, Jang, and V., 2024)

The number of toric (or Zy-)colorable seeds of dimension n — 1 and Picard number p < 4 is as follows:

n
p 1 2 3 4 5 6 7 8 9 10 11 >11 total
1 1 1
2 1 1
3 1 1 1 3
4 1 4 21 142 733 1190 776 243 39 4 3153

The database is available online:

https://github.com/MVallee1998/GPU_handle
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Fanlike seeds of Picard number 4
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github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4

Fanlike seeds of Picard number 4

This database is helpful for solving problems concerning toric manifolds of Picard number 4
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github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4

Fanlike seeds of Picard number 4

This database is helpful for solving problems concerning toric manifolds of Picard number 4

* We answer a question asked by Chen, Fu and, Hwang in 2014 (Choi, Jang, V., 2024)
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github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4

Fanlike seeds of Picard number 4

This database is helpful for solving problems concerning toric manifolds of Picard number 4

* We answer a question asked by Chen, Fu and, Hwang in 2014 (Choi, Jang, V., 2024)
® We solve the lifting problem for that case (Choi, Jang, V., 2025)
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github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4

Fanlike seeds of Picard number 4

This database is helpful for solving problems concerning toric manifolds of Picard number 4

* We answer a question asked by Chen, Fu and, Hwang in 2014 (Choi, Jang, V., 2024)
® We solve the lifting problem for that case (Choi, Jang, V., 2025)

Theorem (Choi, Jang, and V., 2025+)

The number of (n — 1)-dimensional fanlike seeds with Picard number p < 4 is as follows:

n
p 2 3 4 5 6 7 8 >8 total
2 1 1
3 1 1 %
4 1 4 10 16 18 9 1 59
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github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4

Fanlike seeds of Picard number 4

This database is helpful for solving problems concerning toric manifolds of Picard number 4

* We answer a question asked by Chen, Fu and, Hwang in 2014 (Choi, Jang, V., 2024)
® We solve the lifting problem for that case (Choi, Jang, V., 2025)

Theorem (Choi, Jang, and V., 2025+)

The number of (n — 1)-dimensional fanlike seeds with Picard number p < 4 is as follows:

n
p 2 3 4 5 6 7 8 >8 total
2 1 1
3 1 1 %
4 1 4 10 16 18 9 1 59

The database is available online:
github.com/Hyeontae1112/toric_manifolds_with_Picard_number_4
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What remains to do
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What remains to do

* Find which ones are projective
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What remains to do

* Find which ones are projective
¢ Picard number 5...
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What remains to do

¢ Find which ones are projective
® Picard number 5...

Thank you for listening!
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